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Abstract 

In this paper we study a collection of jet geometrical concepts, we refer 
to d-tensors, relativistic time dependent semisprays, harmonic curves and 
nonlinear connections on the 1-jet space J 1 (R, M), necessary to the con- 
struction of a Miron's-like geometrization for Lagrangians depending on a 
relativistic time. The geometrical relations between these jet geometrical 
objects are exposed. 
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1 Some physical and geometrical aspects 

On the one hand, according to Olver's opinion [10], it is well known that 
the 1-jet fibre bundle is a basic object in the study of classical and quantum 
field theories. For such a reason, a lot of authors (Asanov [2], Saunders [11], 
Vondra [12] and many others) studied the differential geometry of the 1-jet 
spaces. Going on with the geometrical studies of Asanov [2] and using as a 
pattern the Lagrangian geometrical ideas developed by Miron, Anastasiei or 
Bucataru in the monographs [6] and [3] , the author of this paper has developed 
the Riemann- Lagrange geometry of 1-jet spaces [7] which is very suitable for the 
geometrical study of the relativistic non-autonomous (rheonomic) Lagrangians, 
that is of Lagrangians depending on an usual "relativistic time" [8] or on a 
"relativistic multi-time" [7], [9], 

On the other hand, it is important to note that a classical non- autonomous 
(rheonomic) Lagrangian geometry (i. e. a geometrization of the Lagrangians 
depending on an usual "absolute time") was sketched by Miron and Anastasiei 
at the end of the book [6] and developed in the same way by Anastasiei and 
Kawaguchi [1] or Frigioiu [5]. 

In what follows we try to expose the main geometrical and physical as- 
pects which differentiate the both geometrical theories: the jet relativistic non- 
autonomous Lagrangian geometry [8] and the classical non- autonomous La- 
grangian geometry [6]. 



1 



In this direction, we point out that the relativistic non- autonomous La- 
grangian geometry [8] has as natural house the 1-jet space J 1 (R, M), where 
R is the manifold of real numbers having the coordinate t. This represents the 
usual relativistic time. We recall that the 1-jet space J 1 (M, M) is regarded as 
a vector bundle over the product manifold K x M, having the fibre type R™, 
where n is the dimension of the spatial manifold M. In mechanical terms, if 
the manifold M has the spatial local coordinates (x l ) i= Y^, then the 1-jet vector 
bundle 

J'(K,M)^1xM (1.1) 

can be regarded as a bundle of configurations having the local coordinates 
(t,x l ,y\); these transform by the rules [8] 



t = t(t) 

x l = 5? (a:- 7 ) 

^ dx l alt j 



(1.2) 



Remark 1.1 The form of the jet transformation group ll.Sfy stands out by the 
relativistic character of the time t. 

Comparatively, in the classical non- autonomous Lagrangian geometry the 
bundle of configurations is the vector bundle [6] 



R x TM -> M, 
whose local coordinates (t,x l ,y l ) transform by the rules 

( t = t 

x 1 = x % (x?) 



(1.3) 



(1.4) 



V 



dxi 



■y 



where TM is the tangent bundle of the spatial manifold M. 



Remark 1.2 The form of the transformation group ljl-4\ ) stands out by the 
absolute character of the time t. 



It is important to note that jet transformation group (jl.2| from the relativis- 
tic non- autonomous Lagrangian geometry is more general and more natural than 
the transformation group (|1.4[) used in the classical non- autonomous Lagrangian 
geometry. This is because the last one ignores the temporal reparametrizations, 
emphasizing in this way the absolute character of the usual time coordinate t. 
Or, physically speaking, the relativity of time is an well-known fact. 

From a geometrical point of view, we point out that the entire classical 
rheonomic Lagrangian geometry of Miron and Anastasiei [6] relies on the study 
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of the energy action functional 

Ei(c) - f L{t,x\y*)dt, 

J a 

where L : R x TM — > K is a Lagrangian function and y' = dx l /dt, whose 
Euler-Lagrange equations 

x* + 2G i (t,x i ,y i ) = 

produce the semispray G l and the nonlinear connection NJj = dG % jdyK In the 
sequel, the authors construct the adapted bases of vector and covector fields, 
together with the adapted components of the iV-linear connections and their cor- 
responding torsions and curvatures. But, because L(t,x l ,y l ) is a real function, 
we deduce that the previous geometrical theory has the following impediment: 
—the energy action functional depends on the reparametrizations t < — > t of 
the same curve c. 

For example, in order to avoid this inconvenience, the Finsler case imposes 
the 1-positive homogeneity condition 

L(t, x\ Ay*) = XL(t, x\ y l ), V A > 0. 

Alternatively, the relativistic rheonomic Lagrangian geometry from [8] uses 
the relativistic energy action functional 

,6 

E 2 (c)= / L(t,x l ,y\Whu(t)dt, 

J a 

where L : J 1 (R, M) — > R is a jet Lagrangian function and hu (t) is a Riemannian 
metric on the time manifold R. This functional is now independent by the 
reparametrizations t < — ► t of the same curve c and the corresponding Euler- 
Lagrange equations take the form 

x* + 2H^ )1 (t, x^yX) + 2G^ n (t, x\y k 1 ) = 0, 

where the coefficients respectively g|^ 17 represent a temporal, respec- 

tively spatial, semispray. 

In this respect, the author of this paper believes that the relativistic geomet- 
rical approach proposed in this paper has more geometrical and physical mean- 
ings than the theory proposed by Miron and Anastasiei in [6] . As a conclusion, 
in order to remark the main similitudes and differences, we invite the reader to 
compare both the classical and relativistic non- autonomous Lagrangian geome- 
tries exposed in the works [6] and [8] . 

As a final remark, we point out that for a lot of mathematicians (such as 
Crampin, de Leon, Krupkova, Sarlet, Saunders and others) the non-autonomous 
Lagrangian geometry is constructed on the first jet bundle J 1 it of a fibered 
manifold tt : M n+1 — > R. In their papers, if (t 7 x l ) are the local coordinates on 
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the n+l-dimensional manifold M such that Ms a global coordinate for the fibers 
of the submersion tt and x % are transverse coordinates of the induced foliation, 
then a change of coordinates on M is given by 

* = *(*), 

Altough the 1-jet extension of the transformation rules (|1.5p is more gen- 
eral than the transformation group (|1.2p . the author ot this paper consider 
that the transformation group (|1.2p is more appropriate for its final purpose, 
the development of a relativistic rheonomic Lagrangian field theory. For ex- 
ample, in the paper [8], starting with a non-degenerate Lagrangian function 
L : J 1 (R, M) — > R, one introduces a relativistic time dependent gravitational 
potential 

G = h n dt (g>dt + g tJ dx l <8> dx j + h n (t)gij(t, x, y)Sy\ ® Sy{, (1.6) 

where 

<?„■ (i, x, y) = d s i = d i + M®dt + N}$ dx 3 , 

wv ' ,yj 2 dy\dy[ ^ ' ^ 

/in(i) beeing an a priori given Riemannian metric on the time manifold R and 
the set of local functions 

r - ( m (€) N {i) } 

beeing a nonlinear connection produced by the Lagrangian C — L*J hu(f) ■ The 
above non-autonomous gravitational potential G is a global geometrical object 
on J 1 (R, M) and is characterized by some natural Einstein equations [8], as in 
the Miron and Anastasiei case [6]. 



dt r 

rank = 



(1.5) 



2 d- Tensors on the 1-jet space J l (J3L, M) 

It is well-known the fact that in the study of the geometry of a fibre bundle 
an important role is played by the tensors. For that reason, let us consider 

the canonical basis of vector fields on the 1-jet space J 1 (R,M), together with 
its dual basis of 1-forms 

{dt,dx\dy\} C X*(J 1 (R,M)). 
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In this context, let us remark that, doing a transformation of jet local coor- 
dinates (jl.2[) , the following transformation rules hold good: 



0_ 

Of 



dt d 



and 



dt 



dx l 



dy{ d 

d dxi d dy\ d 
dx l dx % dxi dx i dy{ 

d dx' J dt d 
dyj ~ dx^SdyJ 



dt ~ 
—zdt 
dt 



(2.1) 



dx l 



dxi 



dv i - M d t+ + ^L^dv 



(2.2) 



Taking into account that the transformation rules (|2.1[) and (|2.2| lead to 
complicated transformation rules for the components of classical tensors on the 
1-jet space J X (R, M), we consider that in the geometrical study of the 1-jet fibre 
bundle J 1 (R, M ) a central role is played by the distinguished tensors (d-tensors) . 

Definition 2.1 A geometrical object D — (d^^^ '"^ on the 1-jet vector bun- 
dle J 1 (R, M), whose local components transform by the rules 



D U(j)(l)... = jjlp(rn)(l) 



U(i)(0- 



lr(l)( S 



dt dx l 


( dxi 


dt\ 


dt dx r 


(dx s dt\ 


£95? 


[ dx m 


dt J 


dtdx k 





(2.3) 



is called a d-tensor field. 

Remark 2.2 The utilization of parentheses for certain indices of the local com- 
ponents ^ifcmm '' of the distinguished tensor D on J 1 (M, M) will be rigorously 
motivated after the introduction of the geometrical concept of nonlinear con- 
nection on the 1-jet space J 1 (M, M). For the moment, we point out that the 
pair of indices " ^2 " or " " behaves like a single index. 

Remark 2.3 From a physical point of view, a d-tensor field D on the 1-jet 
vector bundle J^M, M) -tlx M can be regarded as a physical object defined on 
the event space KxM, which is dependent by the direction or the relativistic 
velocity y = (y\). A such perspective is intimately connected with the physical 
concept of anisotropy. 
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Example 2.4 Let us consider a relativistic time dependent Lagrangian 
function L : J^R, M) -> M, w/iere 

^(K.M) 3 {t,x\y\) -^L{t,x\y\) e R. 
TTien, ifce geometrical object G = (g^^ ^ , w/iere 

G (i)(i) _ 1 d 2 L 



MO) 2dy\dy{ 

is a d-tensor field on J 1 (M, M), w/wc/i is ca/Zed Z/ie fundamental metrical 
d-tensor produced by the jet Lagrangian function L. Note that the d-tensor 
field 



G 



(i)(i) 





)y) (*! x \y\) 



is a natural generalization for the metrical d-tensor field gij(t, x l , y l ) of a clas- 
sical rheonomic Lagrange space [6] 

RL n = (M, L(t,x\y 1 )), 

where L:lx TM — > R is an absolute time dependent Lagrangian function. 

Example 2.5 The geometrical object C = ^cj^, where cj^ = y^, represents 

a d-tensor field on the 1-jet space J 1 (M, M). This is called the canonical Li- 
ouville d-tensor field of the 1-jet vector bundle J 1 (M, M). Remark that the 
d-tensor field C naturally generalizes the Liouville vector field [6] 

V dy v 

used in the Lagrangian geometry of the tangent bundle TM . 

Example 2.6 Let h = (/in(i)) be a Riemannian metric on the relativistic time 
axis M and let us consider the geometrical object J/j = (j^ijj , where 

Then, the geometrical object J/, is a d-tensor field on J 1 (R, M), which is called 
the h-normalization d-tensor field of the 1-jet space J 1 (R, M). We un- 
derline that the h-normalization d-tensor field Jh of the 1-jet space J 1 (R, M) 
naturally generalizes the tangent structure [6] 

J = 5) <g) dx 3 = ® dx i , 

J jjy'L jjyl 

constructed in the Lagrangian geometry of the tangent bundle TM . 
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Example 2.7 Using preceding notations, we consider the set of local functions 



L h = (£(i)n)> where 



^(1)11 ~~ "-nS/i ' 



XTie geometrical object L/j is a d-tens or field on J 1 (R, M), which is called the 
h-canonical Liouville d-tensor field of the 1-jet space J 1 (R, M). 

3 Relativistic time dependent semisprays. Har- 
monic curves 

It is obvious that the notions of d-tensor and classical tensor on the 1-jet 
space J^R, M) are distinct ones. However, we will show in the Section 4 (see 
Remark l4.8[) . after the introduction of the geometrical concept of nonlinear con- 
nection, that any d-tensor is a classical tensor on J 1 (R,M). Conversely, this 
statement is not true. For instance, we construct in the sequel two classical 
global tensors which are not d-tensors on J 1 (K, M). We talk about two geomet- 
rical notions, one of temporal semispray and the other one of spatial semispray 
on J 1 (R, M) , which allow us to introduce the geometrical concept of relativistic 
time dependent semispray on J 1 (R, M). 

Definition 3.1 A global tensor H on the 1-jet space J X (R, M), which is locally 
expressed by 

H = dt® — - 2H$ dt ® — , (3.1) 
at ' oy{ 

is called a temporal semispray on J 1 (R, M) . 

Taking into account that the temporal semispray H is a global classical 
tensor on J 1 (R, M), by direct local computations, we find 

Proposition 3.2 (i) The local components of the temporal semispray H 

transform by the rules 

2% = 2ffg> f*V^-*M. (3.2) 
\dtj dxi dt dt v ' 

(ii) Conversely, to give a temporal semispray on J 1 (R, M) is equivalent to 
give a set of local functions H = (h^-^ which transform by the rules fffj| ). 

Example 3.3 Let us consider h = (hu(t)) a Riemannian metric on the tem- 
poral manifold R and let 

rrt _ h 11 dh U 

11 " 2 dt ' 

where h 11 — X/hxx, be its Christoffel symbol. Taking into account that we have 
the transformation rule 

~, i dt dtdH , s 

11 11 dt dtdt 2 V ' 
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we deduce that the local components 

rrO) _ 1 ttI .,j 

H (i)i ~ -2 H nVi 

define a temporal semispray H = (#(!)!,) on J^K.M). This is called the 
canonical temporal semispray associated to the temporal metric h{t). 

Definition 3.4 A global tensor G on the 1-jet space J 1 (R, M), which is locally 
expressed by 

G = v{dt<»^-2G<$ l dt<»-^ (3.4) 

is called a spatial semispray on J 1 (R, M). 

As in the case of the temporal semispray, by direct local computations, we 
can prove without difficulties the following statements: 

Proposition 3.5 (i) The local components of the spatial semispray G 

transform by the rules 

2G« = 2Gg> ( *V - l^fty?. (3.5) 

(ii) Conversely, to give a spatial semispray on J 1 (R, M) is equivalent to give 
a set of local functions G = (G^ij which transform by the rules \3.5\) . 

Example 3.6 Let us consider if — (ip^^x)) a semi-Riemannian metric on the 
spatial manifold M and let 

i _ ^ m ( di P ]m d(p km _ chfjK 
ijk 2 ^ dxk dxj dj , m 

be its Christoffel symbols. Taking into account that we have the transformation 
rules 

_ p i dx p dx j dx k dx p d 2 x l 

lqr = ljk dx l dx?W + ~dx T dx"dx r ' ( ' ' 



we deduce that the local components 

G 



Mi) _ 1j . h i 
(i)i _ 2^ klViyi 



define a spatial semispray G = (G^) on J^M). This is called the canon- 
ical spatial semispray associated to the spatial metric cp(x). 

It is important to note that our notions of temporal and spatial semispray 
naturally generalize the notion of semispray (or semigerbe in the French termi- 
nology) which was defined since 1960's (Dazord, Klein, Foulon, de Leon, Miron 
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and Anastasiei etc.) as a global vector field. Comparatively, we point out that 
our temporal or spatial semisprays can be regarded in the form 



H = dt® Hi and G = dt®G\, 

where the geometrical objects (similarly with the classical concepts of semisprays 
or semigerbes) 

TT - 9 9H^ 9 
dt ^dyi 

and ^ 

cannot be regarded as global vector fields because they behave as the compo- 
nents of some d-covector fields on the 1-jet space J 1 (R, M). In other words, 
taking into account the transformation rules (|1.2|) . they transform by the laws 

Hl = *ff an d G x = ^.d. 
dt dt 

It is obvious now that, if we work only with particular transformations (|1.2p 
in which the time t is absolute one (i.e. t = t), then the geometrical objects Hi 
and Gi become global vector fields and, consequently, we recover the classical 
definition of a semispray or a semigerbe. 

Definition 3.7 A pair S = (H,G), which consists of a temporal semispray H 
and a spatial semispray G, is called a relativistic time dependent semispray 

on the 1-jet space J 1 (R,M). 

Remark 3.8 The geometrical concept of relativistic time dependent semis- 
pray on the 1-jet space J 1 (R,M) naturally generalizes the already classical no- 
tion of time dependent semispray on R x TM, used by Miron and Anastasiei 
in [6]. 

Example 3.9 The pair S = (H,G), where H (respectively G) is the canoni- 
cal temporal (respectively spatial) semispray associated to the temporal (respec- 
tively spatial) metric hn(t) (respectively ip^ix)), is a relativistic time dependent 
semispray on the 1-jet space J 1 (]R, M). This is called the canonical rela- 
tivistic time dependent semispray associated to the pair of metrics 

(M*)> ¥>(*))■ 

In order to underline the importance of the canonical relativistic time depen- 
dent semispray S associated to the pair of metrics (hii(t),tp i j(x)), we give the 
following geometrical result which characterizes the relativistic time dependent 
semisprays on 1-jet spaces: 

Proposition 3.10 Let (R, hn(t)) be a Riemannian manifold and let (M, ^ - (a;)) 
be a semi- Riemannian manifold. Let S — (H, G) be an arbitrary relativistic time 



9 



dependent semispray on the 1-jet space J 1 (R, M). Then, there exists a unique 
pair of d-tensors 

T ( rp{i) q(») A 

such that 

S = S-T, 

where S — (H, G) is the canonical relativistic time dependent semispray associ- 
ated to the pair of metrics (h(t), (p(x)). 

Proof. Taking into account that the difference between two temporal (respec- 
tively spatial) semisprays is a d-tensor (see the relations (|3.2p and (|3.5p ), we 
find the required result. ■ 

Now, let us fix on the 1-jet space J 1 (K, M) an arbitrary relativistic time 
dependent semispray 



S = 



(H,G) = (H^x^y^G^x^yD) 



Definition 3.11 A smooth curve c : t G / C R — > c(t) = [x % (t)) G M, which 
verifies the second order differential equations (SODEs) 

f/V +2< n ( t> x k (t),^-)+2G^ 1 (t,x k (t),^)=0, (3.7) 



dt 2 ' —(i)i w> dt j i — ( i)i w. dt 

where i run from 1 to n, is called a harmonic curve of the relativistic time 
dependent semispray S = (H, G) . 

Remark 3.12 The SODEs {3. 7| ) are invariant under a transformation of coor- 
dinates given by It follows that the form of equations \S.7\ I, which give the 
harmonic curves of a relativistic time dependent semispray S = (H,G), have a 
global character on the 1-jet space J 1 (R, M). 

Remark 3.13 The equations of the harmonic curves \3. 7\) naturally gener- 
alize the equations of the paths of a time dependent semispray from classical 
non- autonomous Lagrangian geometry [6j. 

Example 3.14 The equations of the harmonic curves of the canonical rela- 
tivistic time dependent semispray S — (H, G) associated to the pair of metrics 
(h(t),tp(x)) are 

d 2 x l , , . dx l , , , dx j dx k 

^-^i(^ +7 ;,(x)--=0. (3.8) 

These are the equations of the affine maps between the Riemannian manifold 
(R, hn(t)) and the semi- Riemannian manifold (M, ^-(x)). We point out that 
the affine maps between the manifolds (R, hn(t)) and (M,ip i j(x)) are curves 
which carry the geodesies of the temporal manifold (R, hn(t)) into the geodesies 
on the spatial manifold (M,(pij(x)). 
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Remark 3.15 Multiplying the equations ifff. 8\) with h 11 = 1/hu ^ 0, we obtc 
the equivalent equations 

'(fx 1 



h 



11 



dt 2 



dx 1 
~dt 



dx 3 dx 
~~dt~dt 



These are exactly the classical equations of the harmonic maps between the 
manifolds (R, ft.n (t)) and (M, ^^(xf) (see [4])- For this reason, we used the 
terminology of harmonic curves for the solutions of the SODEs {3.\ 



Remark 3.16 The jet geometrical concept of harmonic curve of a rela- 
tivistic time dependent semispray S = (H, G) is intimately connected by 
the Euler-Lagrange equations produced by a relativistic time dependent 
Lagrangian C = Ly/hu(t), where L : J 1 (M. M) — > R. The connection is given 
by the fact that the Euler-Lagrange equations of any non- degenerate Lagrangian 
C can be written in the form \3. 7\ ). For example, the Euler-Lagrange equations 
of the jet Lagrangian 



Ch 



armomc 



= h 1 \t) Vt Ax)y\y{^h^t), 



where y\ — dx l /dt, are exactly the equations of the affine maps L3.8\) . The 
equations (3.8]) are in fact the equations {3. 7[ ) for the particular relativistic time 
dependent semispray S — (H, G) associated to the pair of metrics {h(t), ip(x)). 

In this context, using the notations from Proposition 13. 1 0| we immediately 
deduce the following interesting result: 



Corollary 3.17 The equations \3. 7| j of the harmonic curves of a relativistic 
time dependent semispray S — (H, G) on the 1-jet space J 1 (M, M) can be always 
rewritten in the following equivalent generalized Poisson form: 



,ii 



d 2 x l „, . , dx 1 , , . dx 3 dx k 



where 



F l = 2h> 



(i)i 



4 Jet nonlinear connections. Adapted bases 

We have seen that the transformation rules of the canonical bases of vector 
fields (|2.1[) or covector fields (|2.2p imply complicated transformation rules for 
the local components of diverse geometrical objects (as the classical tensors, 
for example) on the 1-jet space J : (R, M). For such a reason, it is necessary to 
construct that so called the adapted bases attached to a nonlinear connection on 
J 1 (R, M) . These adapted bases have the quality to simplify the transformation 
rules of the local components of the jet geometrical objects taken in study. 



11 



In order to do this geometrical construction, let us consider an arbitrary 
point u e E = J 1 (R, M) and let us take the differential map 

tt*,u : T U E — > T( t ^)(R x M) 

produced by the canonical projection 

7r:£^ixM, 7r(u) = (i,a;). 

The differential map 7r* jU generates the vector subspace 

V u = Kem t>u C T U E, 

whose dimension is dim K V u — n, V u G £7, because 7r* iU is a surjection. More- 
over, a basis in the vector subspace V u is given by 

{%[[}' 

It follows that the map 

V:«e£-»KC T„£ 

is a differential distribution on J 1 (M, M), which is called the vertical distribution 
of the 1-jet space E = J^E, M). 

Definition 4.1 j4 nonlinear connection on the 1-jet space E = J 1 (R, M) is 
a differential distribution 

H:uEE->H u C T u E 

which verifies the equalities 

T U E = H U ®V U , V ueE. 

The differential distribution TL is also called the horizontal distribution 
of the 1-jet space J l (M.,M). 

Remark 4.2 (i) It is obvious that the dimension of a horizontal distribution is 

dim R H u = n + 1, V u £ E. 

(ii) The set X{E) of the vector fields on E — J 1 (M, M) decomposes in the 
direct sum 

X{E)=Y{H)@T{V), (4.1) 

where T(H) (respectively T(V)) represents the set of the horizontal (respectively 
vertical) sections. 

Taking into account that a given nonlinear connection TL on the 1-jet space 
E = J 1 (R., M) produces the isomorphisms 

by direct local computations we deduce the following geometrical results: 



12 



Proposition 4.3 (i) There exist some unique linearly independent horizontal 
vector fields 5 /St, 8/Sx l G r(7i) having the properties 

7r* [ — ) = — — and 7r * f — — r ) = — . (4.2) 

(ii) With respect to the natural basis {d/dt,d/dx l ,d/dy\} C X(E), the 
horizontal vector fields 6/ St and 5/Sx 1 have the local expressions 

— = — - M,% and — = ^— - N) J J. r. (4.3) 

St dt {1)1 dy{ Sx l dx l dy{ 

where the functions M^h (respectively N^h) are defined on the domains of 
the induced local charts on E = J 1 (IR, M) and they are called the temporal 
(respectively spatial) components of the nonlinear connection Ti. . 

(Hi) The local components M^l and N^}^ transform on every intersection 
of preceding induced local charts on E by the rules 

f*V*_*S (4.4) 



<■>' W'W Sxt £ at 

and ^ 

iy(fc) _ lyrU) dt d ^ ^ d Vl (a x\ 

JV (i); l \i)i d t d xi d x o dx l dx*' 1 ' 

(iv) To give a nonlinear connection Ti. on the 1-jet space J : (R, M) is equiv- 
alent to give a set of local functions 

r - ( M {j) n u) \ 

on E — J 1 (R, M), which transform by the rules \4-4\) an d {4-<ty- 



Example 4.4 Let (R, hn(t)) be a Riemannian manifold and let {M^tpj^Ax)) be 
a semi- Riemannian manifolds. Let us consider the Christoffel symbols H\i(t) 
and 7jfe(ic). Then, using the transformation rules M.ty) . hS.S\) , and &3.6\) , we 
deduce that the set of local functions 

f - ( M (j) ) 
i - ^w (1)1 ,jv (1)j j , 

where 

M ( <g x = -J&yj and Arg. = j^y?, 

represents a nonlinear connection on the 1-jet space J 1 (R, M). This jet non- 
linear connection is called the canonical nonlinear connection attached to 
the pair of metrics (h(t),ip(x)). 



13 



In the sequel, let us fix T — ^M^^N^A a nonlinear connection on the 

1-jet space E = J 1 (M, M). The nonlinear connection T produces the horizontal 
vector fields (14.311 and the covector fields 



Sy\ = dy\ + M^dt + Nft.dx*. 
It is easy to see now that the set of vector fields 



r(i) 



S_ _5_ d \ 

St ' Sx l ' dy\ J 



C X(E) 



(4.6) 



(4.7) 



represents a basis in the set of vector fields on J 1 (R, M) and the set of covector 
fields 

{dt,dx\Sy{} C X*{E) (4.8) 
represents its dual basis in the set of 1-forms on J 1 (R, M). 



Definition 4.5 The dual bases |^.7| ] and H4-8\ ) are called the adapted bases 

attached to the nonlinear connection T on the 1-jet space E = J 1 (R, M). 

The big advantage of the adapted bases produced by the nonlinear connec- 
tion r is that the transformation laws of their elements are simple and natural. 



Proposition 4.6 The local transformation laws of the elements of the adapted 
bases 7| ] and |^.<S| ), associated to the nonlinear connection T 
are classical tensorial ones: 



IVI (1)V I ' 



and 



S _dt S 
5t ~ di~6l 

S dxi 8 
Sx l dx z 5x3 

d dx' J dt d 
dyj ~ dx^dilm 



dt ~ 
dt — —rjit 
dt 



(4.9) 



dx l 



dx % 



dx? 



dxi 
dx l dt 



(4-10) 



Proof. Using the properties 



we immediately deduce that we have 



\Tt 



d dt d 



dt 5 



dt dt di 



dtst 
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In other words, the temporal horizontal vector field 

S dt 8 . . , „ 
^~^ er(H)nr(V) 

is also a vertical vector field. Taking into account the decomposition (|4.ip . it 
follows the required result. 

By analogy, we treat the spatial horizontal vector fields 8/8x l . 

Finally, let us remark that we have the equalities 




= ma**- 

■ 

Corollary 4.7 .Am/ d-tensor field D = f^xfecixo"') 071 ^ e l~i e t s P ace M) 
is a classical tensor field on J 1 (R, M). 

Proof. Using the adapted bases attached to a nonlinear connection T and 
taking into account the transformation rules (|2.3|) of a d-tensor, it follows that 

a d-tensor D = p}!^ 1 ,!"') can be regarded as a global geometrical object (a 



'ifc(i)(0 

classical tensor) on the 1-jet space J 1 (ffi., M), by putting 

S S d 
D = D iHm"- j t ®j-®T^®dt®dx k ®8y[® 



Remark 4.8 The utilization of parentheses for certain indices of the local com- 
ponents D^^j^j" of the distinguished tensor D on J 1 (R, M) is suitable for 
contractions. To illustrate this fact, we give the following examples: 

(i) The fundamental metrical d-tensor produced by a relativistic time 
dependent Lagrangian function (see Example \2.4\ ) produces the geometrical 
object 

G = G^ 1 '*"' ^ '■ 



(ii) The canonical Liouville d-tensor field of the 1-jet space J 1 (K, M) 
(see Examvle \2.5\) is represented by the geometrical object 



Wdy\ yi dy\ 
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(Hi) The h -normalization d-tens or field of the 1-jet space J 1 (R, M) (see 
Examvle \2.6\) has the representative object 



(iv) The h-canonical Liouville d-tensor field of the 1-jet space J 1 (R, M) 
(see Example \2.7\ ) is equivalent to the geometrical object 

d d 
L >> = L (i)ii^i- ®dt®dt = h ny\g-f ® dt <8 dt = C <g> h. 

5 Relativist ic time dependent semisprays and 
jet nonlinear connections 

In this Section we study the geometrical relations between relativistic time 
dependent semisprays and nonlinear connections on the 1-jet space J (ffi, M). 
In this direction, we prove the following geometrical results: 

Proposition 5.1 (i) The temporal semisprays H = ^H^-^j and the sets of 

temporal components of nonlinear connections T temporal = (^(iji) are * n one ~ 
to-one correspondence on the 1-jet space J 1 (M, M), via: 

M (i) - 2H U) - -M U) 

m (i)i ~ z -"(i)i' _ 2 (l)i' 

(ii) The spatial semisprays G = \ G^^j and the sets of spatial components 

of nonlinear connections T spat i a i — (j^(i]kj are connected on the 1-jet space 
J 1 (R, M), via the relations: 



and) 1 

(J ) _ ^(Dl r U) _l N U) y m 

ly (l)k - fs,.k ' U (i)i - 0^(1)™^ 



Proof. The Proposition is an immediate consequence of the local transforma- 
tion laws d3H]) and (|3~I|) , respectively $31$, g3]) and ([TT2]). ■ 



Definition 5.2 The nonlinear connection Tg on the 1-jet space J 1 (R, M ), whose 
components are 

( dG {3) \ 

Ts = I = 2H$ V N$ k = -J*\ , (5.1) 

is called the canonical jet nonlinear connection produced by the rela- 
tivistic time dependent semispray 



S = 



(H > G) = (H$ 1 ,G§ 1 ). 
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Definition 5.3 The relativistic time dependent semispray Sr on the 1-jet vector 
bundle J 1 (M, M), whose components are 

^ = (ffg, = \m$ v G« = \N^ m yT) , (5.2) 

is called the canonical relativistic time dependent semispray produced 
by the jet nonlinear connection 

Remark 5.4 The canonical jet nonlinear connection i5.1\) produced by the re- 
lativistic time dependent semispray S is a natural generalization of the canonical 
nonlinear connection N induced by a time- dependent semispray G in the clas- 
sical non- autonomous Lagrangian geometry [6]. 

Remark 5.5 The formulas R5.2\) can offer us other interesting examples of jet 
relativistic time dependent semisprays. 

It is obvious that the equations (|3.7[) of the harmonic curves of the canon- 
ical relativistic time dependent semispray (|5.2p produced by the jet nonlinear 
connection 

have the form 

d 2 x J „,ff) / u, . dx k \ ro) / u, s dx k \ dx m „ ,_ „. 
+ M« ^ **(*), — j + <„ ^ **(*), ^^=0. (5.3) 

Definition 5.6 The smooth curves c(t) = which are solutions for the 

equations h5.3\) are called the autoparallel harmonic curves of the jet non- 
linear connection V. 

Remark 5.7 The geometrical concept of autoparallel harmonic curve of 

a jet nonlinear connection T naturally generalizes the concept of path of a 
time- dependent nonlinear connection N from the classical non- autonomous La- 
grangian geometry [6] or that of autoparallel curve of a nonlinear connection 
N from the classical autonomous (time independent) Lagrangian geometry [3J. 

Example 5.8 The autoparallel harmonic curves of the particular jet nonlinear 
connection (see Example ^. J$ 

attached to the pair of metrics (hn(t), ip^^x)) are exactly the affine maps be- 
tween the manifolds (R, hn(t)) and (M, <p i Ax)). 
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6 Conclusion 



At the end of this paper we would like to point out that the jet relativistic 
geometrical objects (d-tensors, semisprays, nonlinear connections) constructed 
in this paper represent the main ingredients for the development of a relativistic 
rheonomic Lagrangian theory of gravitational field (the work in progress and 
the final purpose of this paper). This gravitational theory is provided only by 
a given time dependent Lagrangian C = Ly/hu(t), where L : J 1 (M, M) -> M 
is a non-degenerate Lagrangian function. In other words, the matrix g = (gij), 
where 

. h u (t) d 2 L 

gij{t,x,y) = —z— t- j , 
z dy\dy{ 

is invertible, having the inverse g^ 1 = (g kl ). A such geometrical and physical 
theory has in the central role the Euler-Lagrange equations [7] , [8] 



d 2 x l 



ijj2 + 2H^ n (i, x k ,yl) + 2G$ n (t, x\ yl) = 0, 
where the geometrical objects (we use notations already given) 



respectively 

if- 1. ., ill. i)-L dL 



r (i) _ h lig lk 
^(1)1 ~ 4 



dxidy k dx k dtdy\ dx 



represent a temporal semispray, respectively spatial semispray. These geomet- 
rical objects produce, via the formulas (|5.1[) . a canonical nonlinear connection 



M U) ^2H U) N U) - dG ^ )l 
m {1)1 - i\ (1)k - g ^ 

which is necessary for the construction of the gravitational potential [8] 
Gc = h\idt®dt + gijdx 1 ® dx 3 + h n (t)gij(t, x, y)Sy\ ® 8y[, 

where 

Consequently, the gravitational potential Gc is provided only by the rela- 
tivistic rheonomic Lagrangian C = Ly/hu(t), having in this way an intrinsic 
geometrical character. Moreover, the gravitational potential Gc is governed by 
some natural generalized Einstein equations which are exposed in [8] and which 
generalize the already classical Einstein equations from the theory proposed by 
Miron and Anastasiei in [6]. 

Acknowledgements. The present research was supported by Contract 
with Sinoptix No. 8441/2009. 



18 



References 



M. Anastasiei, H. Kawaguchi, A Geometrical Theory of Time Dependent 
Lagrangians, I. Nonlinear Connections, II. M- Connections, Tensor N. S. 
48 (1989), 273-282, 283-293. 

G. S. Asanov, let Extension of Finslerian Gauge Approach, Fortschritte 
der Physik 38, No. 8 (1990), 571-610. 

I. Bucataru, R. Miron, Finsler- Lagrange Geometry. Applications to Dy- 
namical Systems, Editura Academiei Romane, Bucharest, 2007. 

J. Eells, L. Lemaire, A Report on Harmonic Maps, Bull. London Math. 
Soc. 10 (1978), 1-68. 

C. Frigioiu, Noether's Laws of Conservation in Time Dependent Lagrange 
Spaces, Lagrange and Hamilton Geometries and Their Applications, Radu 
Miron (Ed.), Fair Partners Publishers, Bucharest (2004), 125-131. 

R. Miron, M. Anastasiei, The Geometry of Lagrange Spaces: Theory and 
Applications, Kluwer Academic Publishers, 1994. 

M. Neagu, Riemann- Lagrange Geometry on 1-Iet Spaces, Matrix Rom, 
Bucharest, 2005. 

M. Neagu, The Geometry of Relativistic Rheonomic Lagrange Spaces, Pro- 
ceedings of Workshop on Diff. Geom., Global Analysis and Lie Algebras, 
Grigorios Tsagas (Ed.), Geometry Balkan Press, Bucharest (2001), No. 5, 
142-169. 

M. Neagu, C. Udri§te, A. Oana, Multi-Time Dependent Sprays and h- 
Traceless Maps on J X (T, M), Balkan Journal of Geometry and Its Ap- 
plications, Vol. 10, No. 2 (2005), 76-92. 

P. J. Olver, Applications of Lie Groups to Differential Equations, Springer- 
Verlag, 1986. 

D. Saunders, The Geometry of let Bundles, Cambridge University Press, 
New York, London, 1989. 

A. Vondra, Symmetries of Connections on Fibered Manifolds, Archivum 
Mathematicum, Tomus 30 (1994), 3-72. 

Author's address: 

Mircea Neagu 

University Transilvania of Braspv, Faculty of Mathematics and Informatics 

Department of Algebra, Geometry and Differential Equations 

B-dul Eroilor 29, RO-500036 Brasov, Romania. 

E-mail: mircea.neagu@unitbv.ro 

Website : http : / / www. 2collab .com/user : mirceaneagu 



19 



